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The problem of the flow generated in a viscous fluid by the impulsive motion
of a wavy wall is treated as a perturbation about the known solution for a straight
wall. It is shown that, while a unified treatment for high and low Reynolds
numbers is possible in principle, the two limiting cases have to be treated
separately in order to get results in closed form. It is also shown that a straight-
forward perturbation expansion in Reynolds number is not possible because the
known solution is of exponential order in that parameter. At low Reynolds
numbers the waviness of the wall quickly ceases to be of importance as the liquid
is dragged along by the wall. At high Reynolds numbers on the other hand, the
effects of viscosity are shown to be confined to a narrow layer close to the wall
and the known potential solution emerges in time. The latter solution is a good
illustration of the interaction between a viscous fluid field and its related inviscid
field.

1. Introduction

The problem studied in this paper brings together two well-known examples
used to illustrate the nature of fluid motion. The field generated by a flat plate
impulsively moved in a viscous fluid is often used to demonstrate the generation
of vorticity in a fluid by solid surfaces in motion relative to it. This problem,
commonly (but apparently mistakenly) known as the Rayleigh problem,
naturally leads to the study of viscous boundary layers. The wavy-wall problem,
on the other hand, is a standard example in inviscid fluid dynamics used to
illustrate the effect of boundary perturbations on the uniform motion of an
inviscid fluid. The latter problem leads naturally to thin-aerofoil theory. In this
paper we study the fluid motion generated by the impulsive motion of a wavy
wall in a viscous incompressible fluid.

The problemis worthy of interest for a number of reasons. Problems in unsteady
fluid dynamics such as this one show the development in time of a viscous field;
they may therefore shed some light on the generation of turbulence. Second,
the problem shows the interaction of a viscous field with an inviscid field. The
results show the development in time of the inviscid far field in the high Reynolds
number limit, i.e. the inviscid field and boundary layer emerge naturally from
the analysis. Lastly, the analysis brings out clearly the care required in handling
perturbation expansions in which terms of exponential order arise. The problem
is formulated in §2, the low Reynolds number limit is studied in §3, the high
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F16URE 1. The wavy-wall problem. Incompressible fluid fills the region above the wall,
which is described for t* < 0 by y* = e*sin (2mx*[A). At t* = 0 the wall is impulsively
moved to the right with a velocity U.

Reynolds number limit in §4, and in § 5 the solutions are discussed to bring out
the special features of this problem.

2. Formulation
Consider incompressible fluid in a semi-infinite region bounded on one side by

a wavy wall defined (see figure 1) for t* < 0 by
y* = e*sin (2mx*[A). (1)

At time £* = 0 the wall is impulsively given a velocity U in the x* direction. In
this two-dimensional situation the equations governing the motion of the
incompressible fluid are

u:. + 'U;k- =V, (20’)
udb +uru + v*uf, = p~lph -+ vViu¥, (2b)
vh +utvk +o¥ok = plpl.+ V¥, (2¢)

where the symbols are defined in the usual way, the starred quantities are
dimensional and the subscripts denote differentiation with respect to the
subscript. The initial and boundary conditions are

wk(x*, y*, 1*) = v(x*, y*,t*) =0 for t* <O, (3a)

u*(e*, y*,t*) = U, o*@* y*t¥) =0 on
y* = e¥sin{2nA—Ya* - Ut*)} for t*> 0, (3b)
u¥ v¥*>0 as y*—o0. (3¢)

We now define
x = 2mx*[A, w=u*U, € = e¥[2mA, etc.,}

t=2nUt*[A, p=p*[pU% R = UA[2m. ()
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In terms of these dimensionless variables and parameters the equations and
boundary conditions for ¢ > 0 take the form

Uy +v, = 0, (5a)

U+ uuy +vu, = —p,+ BV, (5b)

v +uv, +vv, = —p,+ R1V3p, (5c)

u(x,y,t) =1, o(x,y,t)=0 on y = esin(x~—1), (6a)
u(z,y,t),v(x,y,t)>0 for y—>oo. (6b)

It proves convenient to use a non-orthogonal co-ordinate system in which one
of the co-ordinates takes a constant value on the wall. We define (for ¢ > 0)

E=2, p=y—esin(x—t), 7=4, (7a—c)
so that the wall is defined by # = 0. In terms of these co-ordinates (5a—c) become
ug— € cos (E—7)u,+v, =0, (8a)

u, +€cos (£ —7)u, +u{u; — € cos (§ —7) u,} +vu,
= —{p;— € cos (£ —7) p,} + B {ug — 2€ cos (£ —~7) uy,
+esin(§—7)u, +e?cos® (E—1)u,, +u,,}, (8b)

v, +ecos(E—T7)v, +ufv, —ecos (E~7)v,} +or,

= —p,+ Ry —2¢ecos (E—7) v, +esin (E~7)v,

+€2cos? (£ —T7)v,, +v,,}.  (8¢)

The boundary conditions for7 > 0 are
u(,g,1)=1, v(&n1)=0 on 7=0, (9a)
u,v—>0 as 7—>o0. (9b)
Equations (8) are nonlinear and not amenable to solution as they stand.
However, if the waviness of the wall is small it is natural to seek a perturbation
solution for small ¢. The limit ¢ = 0 is, of course, the limit of a flat plate, for

which the solution is well known. We therefore seek a perturbation solution
about this unsteady solution. We assume expansions of the form

u = uO(y,7) + euV(£, 9,7) + O(€%), (10a)
v = ev(&, 9,7) + O(e?), (1056)
P =P + ep(E, 7,7) + O(€?). (10¢)

When these expansions are substituted into equations (8) and boundary con-
ditions (9), equations to each order in € may be obtained.

Equations to order 1
uP = R-1u), +@ =0, pO=p, (11)

u®0,7) =1 for 7> 0. (12)
The solution is the well-known Rayleigh solution:

u(n,7) = 1 —erf (Riy/21}) = erfe (Riy[21}). (13)
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Equations to order €. Eliminating the pressure by cross-differentiation, the
equations for the velocity components are

u + o = cos (£ —7)ul?, (14a)

0
S 0 = RO+ Y] = o+ o= R+ g, (140)
0
= i )
=7 [—sin (§—7)u® + R cos (§ —7) {uf — u@u{}].
The boundary conditions are

UV =M =0 on 9y =0, (15a)
u®, M50 as 7->o0. (15b)

Now (14a) and (14b) together with the boundary conditions (15a) and (15b)
fully specify the problem for a wavy wall whose ‘roughness’ is small. This
formulation is valid for all Reynolds numbers. Two facts are however immediately
apparent. Since u(7,7) is a function of the co-ordinates 4 and 7, equations (14)
are a set of partial differential equations with non-constant coefficients. Thus
even these linear equations are not easily amenable to solution. Second, it is now
clear why the £, 9,7 co-ordinate system is preferable to the z, y, ¢ system. If the
latter system is used the equations are simpler but the boundary conditions will
lead to a formulation which will not be uniformly valid for small times.

In the next two sections we solve (14) in the low and high Reynolds number
limits. The strategy is to solve the equations by reducing them to systems of
equations with constant coefficients; only the leading terms in the Reynolds
number expansions will be sought. The leading terms in these two limiting cases
contain the gist of the physics of the problem.

3. Solution for small Reynolds number

When the fluid is very viscous we expect the Rayleigh limit to dominate the
motion, i.e. that the fluid is dragged along by the plate, the vorticity being
quickly diffused into the fluid. To a first approximation 4©® can be treated as
uniform. Formally for E - 0 we can write

uO(n,7) = 1 —erf{Riy/2rt}

L _[2 B[, @Rigry
T T AT T 113 to
1 R‘h;
I N el | 3
-3 P +O(RY) (16)

and seek a solution for u®, »® and p® of the form
uB(E,n,7) = uPE,9,7) +u@E9,7) + .., (17a)
vE,9,7) = vPE 9,7)+ RE 7T+ (17b)
pE 9,7) = pPE 07 +RE 1) + -0 (17¢)
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where 49, etc., are the leading terms in an expansion for R— 0 and successive
terms 4, etc., are the next terms in the expansion. Certain observations need
to be made at this stage. The expansion in Reynolds number is actually contained
in an expansion in the roughness parameter ¢. Thus if higher-order terms were
required u®, u®, etc., would be expanded in a similar fashion. Next, the expansion
is not uniformly valid as it is clear that if /7% > R~% the second term in (16) is
larger than the first term. Thus the expansion is valid for a layer initially close
to the wall whose thickness increases like 7¢. The results show however that an
outer expansion is not really necessary (to first order) as the perturbations decay
at the wall and at infinity. Since we are mainly interested in the motion close to
the wall the present inner expansion is sufficient. Third, we note that u¥(z,7) is
of exponential order in the Reynolds number; consequently derivatives of
#9(y,7) and u®(y,7) contribute to different orders in a formal perturbation
expansion. It is therefore best not to speculate in advance about the ordering
in Reynolds number; it is in keeping with this strategy that (17) do not indicate
the ordering in Reynolds number. The procedure followed is simply to keep all
leading terms in %@ and actually calculate the leading terms in (17). Thus we
determine the ordering. Finally, only the leading terms (£, %,7), ete., will be
calculated in this paper as they contain the kernel of the problem. In what
follows we drop the subscript 1 on the understanding that «(§,#,7), etc., really
stand for uP(&, 7,7), ete.

We take the forms indicated in (16) and (17) and substitute them into the
governing equations (14) and boundary conditions (15). Retaining the leading
terms we obtain

M D _
uP -+ =

Rhcos (E—) (_R_vz), (18a)

(mr)} 4r

0 0
P [u® + uh — R{u® +u P} — 7 [ + o) — R{vD + vP}]

Riyexp (— Rip?[4r)

= —sin (§—7) 2 +O(R2%exp (— Ry?/47)), (18b)
u®(, 0,7) = vNE, 0,7) = 0, (19a)
u® >0 as 5->o0. (195)

For this linear initial-value problem the Laplace transform method is appro-
priate. We define the transform and its inverse as

3, 0) = f o e, (200)
1 y+io
¢(§’ 77:7) = '271/ i é(g’ 7, 0-) e do. (20b)

Equations (18) transform to

D) Rt [exp{—[R(oc —1i)]tp—if} exp{—[R(o+1)]ty+i&}
“(?J“”(}I):_?[ (c—a)t + (o +a)t ] (21a)
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8% (2 + 40— Roit® — R} — -8% (30 + 8 — Roo®— R}
= JiB[— exp{—[R(o—1)lky—if} + exp{—[R(o +3i)tn+i&}]. (21b)

The solutions to the homogeneous part of the above equations which decay as
7 — o0 may be written as

WH = Aexp{—y+if}+Bexp{—n—1it}
+Cexp{—[1+R(oc—9)]tn+iE}+Dexp{—[1+R(oc+)]tn—1i&}, (22a)

% = id exp{—7+if}—iBexp{—y—i&}
. ;D
jexp (= [+ Re—i+i€}— g
xexp{—[1+R(c+i)Ey—if}. (22b)

The coefficients 4, B, C and D are functions of ¢ and R alone. The particular
solutions satisfying the inhomogeneous equations to leading order in 2 are

P
TRk

@ = ~ 5 oxp Rl i)+ e exp{~ (REo-+ily+i8),
(23a)
#P = O(R). (23b)
The general solutions to (21) are thus
a0 = AP+ AR, I = 50+, (24a,b)

We now apply the boundary conditions (19) at # = 0; the coefficients 4, B, C
and D are determined to leading order to be

A = —iR}2(o+i) {1 -[1+ R(c—1)]}} (25a)
B = iR}2(c —i) {1 —[1+ R(c +1)1}}, (25b)
C=—[1+Rc—i)}4, D=~-[1+R(c+3i)}B. (25¢,d)

Thus for B> 0 we have
u®(E, 9,7) = Risin (§~7)[efi(7) —foln,7) = fa(n,7)], (26a)
vOE,7,7) = Bb cos (E—7) [ f(7) — faln, 7], (265)
where fi(o) = 1/{o}[1— (1 + Ro)t]}, (27a)
fo,0) = {(1 + Ro)texp[— (L + Ro)iy]}/{o}[1 - (1 + Ro)i]}, (270)
fsn,0) = exp [~ (Ro)t n)/ot, (27¢)
fa(n,0) = exp[— (1 + Rop 9] f{od[1 - (1 + Ro)}]]. (27d)

The inversion of the transforms is elementary but tedious. The full solution to
order ¢ in the limit B— 0 is then given by

(€, n,7) = erfc {Riy/274} + ¢REsin (£ —7)
x [e fi(1) = faln,7) — fo(n,7)]+ O(?), (28a)
v(&,7,7) = eRtcos (§—T) [e7 fi(7) — fo(1,7)] + O(€?), (28b)
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where the functions fj, ..., f, are defined by

127} 1 (VEe{7(2—2rR)+ R}
fi(T) ——1—3:?+;L FA—rE)J df}, (29a)
fo(n,7) = R~'[0g,/on — 8%g,/on?], (290)
f3(77,7) = (777)—% €Xp ( - 3”2/47)’ (290)
fun,7) = — B9, — 0g,/om] (294)
and where
2 0 p—IT R .
g:1(9,7) = 7—7.[1/1% eﬁ [T cos[(rR—1)tp]+ 2(73-——21)% sin [(rR—1)} 77]] dr
2 [YRexp[—rT—(1—Rr)iy] Ry
+7?_[0 * :T_ 21 —Rr)é} dr. (30)

The above solutions are well behaved forall (£, 5,7). Inspection of the solutions
will vindicate the procedure used here of not specifying the forms of the expan-
sions in advance. The dependence on the Reynolds number is quite different at
small and large times. The formal solutions obtained above can be differentiated
and be easily shown to satisfy the governing equations (5) and (6) to order ¢
and to leading order in R.

In order to show more clearly the nature of the solutions we now present the
solutions valid for small and large times respectively. These can be obtained
directly from (28)-(30) or more easily from the transforms using the theorems
valid for small and large times.

Solution for small

u(§,9,7) = erfe {Riy/274} + esin (£ —7) [erfc (Riy/211)
—exp (—7)+0(H)]+0(e?), (31la)

v(§,7,7) = ecos (£ —)[erfc (Riy/27%) — exp (—7) + O(1})] + O(€?). (31d)

Solution for larger
Rip)  eRbsin(§—71
u(g5 77,7') = erfe :'——27_;7} + —‘——(77_7_;5 )

x [(1—9)e7— exp (— Ry*[41)] +h.o.t., (32a)
v(£,9,7) = — eR}cos (E—1) e/ (n7)i +h.o.t. (32b)

The above solutions make clear the dangers of prescribing the ordering in
Reynolds number in advance. The solutions can easily be seen to satisfy the
governing equations (5) and the boundary conditions (6). These results will be
discussed in greater detail in § 5.

4. The high Reynolds number limit

When the viscosity of the fluid is small the layer of fluid dragged along by the
wall grows only slowly in time. The fiuid field feels the waviness of the wall for
some time before it is damped out by the wall boundary layer. We therefore
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expect the potential field which develops in the far field to be only slowly attenu-
ated by the viscous field.

The zeroth-order velocity field is once again expressed as an asymptotic
expansion, now however for R — co:

w9(y,7) = 1 — erf (Riy/27})

== ]

3

(7721;)%77 xp{ il }+0 (R‘%exp ( 1:’7 )) . (33)
We now seek a solution for @ and »™ of the same form as (17) but with the
expansion now for R —co. Note that the expansion for «© is truly valid only for
78 < Riy; naturally, the expansion is valid away from the wall outside a layer
growing with time. Thus we expect even at this stage to have to construct a
separate inner expansion to be matched to this outer expansion. As we shall see,

this inner expansion turns out to be a remarkably simple boundary layer.
Once again, in what follows u®(¢, 9,7), ete., should be taken to mean u{)(£, 5,7),

etc.; that is, the first terms in an asymptotic expansion for R - co. The governing
equations (15) now simplify to

R} Ryp?
1) (1) — _ — ——L
uy + o )t cos (£ —7) exp { i } , (34a)
0 0 Ry cos (£ —7)exp {— Ry2/4r}
—_ {\D) (1) [0 D) Y P ¢ ) 1 _ (DY _
{u +ul,) — RuP} ag{v§5+v‘w Ry} = S
+h.o.t., (34b)

In the above we have apparently inconsistently dropped the convection terms
due to the normal velocity ©®; while this is done for pragmatic reasons, it can be
easily justified on the basis of the rapid decay of %®(y,7) and by inspecting the
resulting solutions. In the inner expansion however, these terms turn out to be
dominant.

Asin §3 we Laplace transform (34):

-0, -0 _ _ Bifexp{—[R(c _z]h;_zg} exp{—[R(o +i)]} g +i&}
u(é)+v(ﬂ) [ =9} o+t ], (35a)

{u‘” + @) — RogW} ——; {17‘1’ + 3\ — Rop}
= }R%exp{—[(c—4) Rlin—i&}+ exp{—[(o+i) Rty +i}]. (35)
The solutions to the homogeneous equations are now
% = e1[Agcos £+ Bysin£] +exp [ — (Ro)d 4] [4, cos £ + B, sin £], (36a)

9 = e[ — Aysin€ + Bycos £] + (Ro)texp [ — (Ro)t ][4, sin £ — B, cos £], (36b)
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where 4, By, 4, and B, are functions of o and R alone. Particular integrals to the
inhomogeneous equations are

R: . .
0 = g |- sing | exp (~ [Rlo i)
R? . .
5t | e+ sink | exp (< [R(o + i), (310)
8 = 0(1), 1i.e. of lower order. (37b)

Thus the complete solution is given by
40 = @R+ 4P, 70 =+ ¥, (38a,b)

Now some care is required to obtain the solution. While the particular integrals
(87) decay correctly at infinity, they grow as R} as #—> 0. In order that «® and
v match the inner solutions these terms need to be eliminated for  — 0. This
can easily be done it one notes that parts of the homogeneous solutions (36) are of
exponential order in R; these can be used to eliminate the offending particular
integrals for # 0. We therefore split up 4, and B, into parts of order R and
parts of order 1 as follows:

A, = A1+ A4}, B;=Bi+B5B], (39)
where
,__{ R R ;_Rj(aﬂ)%—(a—i)% (400)
17 20 —0)t 2(c+0)E 2 (e2+1)F
, Rt R R o +iyt+(o—i)
BI“{‘z(a—i)%‘z(aw)%; =2 (ri (405)

and 47 and Bj are of order 1 and are to be determined by matching with the
inner solution. The outer solution therefore takes the following form:
W = e~ Aycos§+ Bysin£] + exp [ — (Ro)iy] [A] cos §+ By sin £]

cosf{ . \exp{—[R(c—i)lin} ([cos§ . \exp{—[R(c+1i)]tn}
+ R% [{T—s1n§; 3o -1t —{ : +sm§; S ICEn
cos§ cos§ sin§ sin§
- {2i(a—i)i‘_2i(a+i)%} exp[~ (Bo)y]+ {2(a—i)%+2(a+i)%’;

xexp[—(Rolbl|, (41a)

3 = e[ — A, sin £+ By cos £] - L [(;B((Tl;ia)% 2 [4]sin§— Bjcos{]
L EXP [~ (Ro)ig] sin & sin & cos & cosé ”
p= [{2i(a—i)i_2i(a+i)%; {2(a—¢)% 2oy
(41b)

It is to be noted that in using part of the homogeneous solution to cancel
terms of order /R in «® for # -0, we have not caused difficulties to appear in
v®, Terms of order /R in 4 correspond to terms of order 1 in #{3: this is the
direct result of having terms of exponential order in the expansion. We now
have to find the inner solution to which the outer solution has to be matched.
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Actually this can be done by inspection but we shall demonstrate the formal
approach in the interests of continuity in the treatment.

Inner solution
Close to the wall, however high the Reynolds number, u©(z,7) will be order 1.
Also, close to the wall the normal convective terms will be important. The
natural scaling for the problem for obvious reasons is

7" = Ry, 0oy = RYojoy’. (42a,b)
In terms of the inner variable the governing equations (14) take the form
uw + RWD = Ricos (E—71)ul?, (43a)

m D4 Ru(l‘ — Ru® — R’Zv(l)ukﬂ(l) — RuOuP
= RpP+ R¥ cos (£ —7) ulP{1 —u®} — Risin (£ —7)u?, (43b)

o + Bo), — Ro® + RuOvp = R*Zp;}). (43c¢)

Note that we have not used separate symbols for the inner and outer expan-
sions. The inner solution to leading order turns out to be trivially simple:

vW(E, 7',7) = cos (§~7) (u¥—1), (44a)
uB(E,y',7) = O(R1), (44b)
PV, y’,7) = constant + O(R-1). (44¢)

This solution satisfies (43) to leading order, and satisfies the boundary con-
ditions at the wall, namely ¥®(" = 0) = u®(y’ = 0) = 0. The pressure is constant
throughout the boundary layer, which essentially acts as a source for the outer

solution,
Matching and the complete solution

The inner solution determines the boundary conditions for the outer solution:
outer("? g 0) u(l) er(77 g OO) = 0 (45 a)
vgl)ltel‘(” -0)= ’Uu) ner(?)’ —>0) = — cos (E—7). (45b)

Applying these boundary conditions to the solutions (41) we obtain the outer
solution

U0 = e [{(021 1) +_<:_i (2i(al_i)f2i(al+i)i)} cos g
518 s e o]
+exp [~ (Eo)iy] [— {&“Zli'i +&17.r (2i(o‘1— 0F 2i(o'1+ i)%)} cos§
g1t o ez ) o)
B [{%ﬂismg} exp{—[R(o—i)]t7} {cos.£+ ng}

2(o—1)t
XD {—[R(s+i)tn}
2(o +1)}
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cos§ cosf sing sin§
- {2;'(0-;’)*‘ 2i(cr+i)%} exp[~ (Ro)ty]+ {2(0—@')# + 2(cr+z‘)%}

xexp[—(Ro)tl], (460)

0 = g | [ +—1—(. L L )}sing
a?+1 ot \2i(c—1)t 2i(c+i)t

- {0'2(:- 1 +Zrl§ (2(al—i)%+2(crl+i)é)} c0s g]
+=E [—off 2 [{(cfii)i— (cr-ll—i)!’!} Sl2nig+ {(o-ii)’}—i_ (cr-ll—i)%} 3 g].
(465)

Thus to order € the complete outer solution for B> cois

w(,7,7) = erfc{Riy/2rt} + 6[6"”{ —sin (£—7) +f1(1,7) cos E—fy(7, 7) sin £}

0 H—IT i Rr)¥
+{exp[- (R gsin g7+ Ry - " G

x (cosE+rsinE)dr — cosEfs(n, 7) + f4(n, 7)sin §}

+ Rt {—_SI(I;;(.%—_’L) exp ( - ?-Z—?f) —fs(n, ) cos E+ fo(n, T) sin g}]

+0(e?), (47a)
v(,9,7) = ele"{—cos (§—7) - f1(n,7) sin £ — fy(1,7) cos £}
+ {fs(%'r) sin g +f4(77,7') cos g}] + 0(62)) (47b)

where
1(®e’a+acosT—bsinT
hHnT) = _;J.o ey A+ b2 dr, (48a)
1(®e™ —b+bcosT+asinT
fo(n,7) = 7-TJ.0 ey a+ b2 dr, (48b)
o) = 1 (e~ [bsin [5(Rr)}] + exp (— by RE) {a cos(r —anRt) — bsin(r —anR})} P
3("7’7' - _7T 0 rt a2+b2 r,
(48¢)
Y )_1 2e—7 [asin [7(Rr)}] + exp (— by RY){b cos (1 — apRY) + asin (1 — an R})} P
AT =2 ) a* 57 "
(48d)
f5(7777) =

T a?+b?

1 J' o orr [b sin [7(Rr)}] +exp (—byR¥){a cos (r —anR) —bsin (1 — anRi)}] i
mJo ’

(48¢)

1 J' © - [a sin [7(Rr)}]+exp (—bnRE){b cos (1 —anR}) +asin (1 — m]Ri)}] i
0 P ’

(48f)
a(r) = Jr+ @2+ 1)}, b(r) = 1/2a = {2[r + (r2+ 1)3]}-1. (489)
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The above outer solution satisfies the governing equations (14) and boundary
conditions (155) and (45) to leading order in the Reynolds number as E->co.
Finally we present the solutions valid for small and large times.

Small time solution. For - 0 the leading terms are

u(£,9,7) ~ erfc{R¥7y[21} + ¢[2sin £ {erfe (Ry/27%) — e}
+4n cos L erfe {Rin/274}] + O(e?), (49a)

v(E,9,7) ~ €[cos £ {erfe (Rty[27% — 2¢77}] 4+ O(€?). (495)

Large time solution. For large times the leading terms are

u(&,m,7) ~ erfc{R¥y/27%} + e[ — e 7sin (§—7)
+exp{~ (}R)in}sin{f—7+ (AR)t7}] + O(?), (500)

v(£,9,7) ~ e[ —eTcos (§—T)] + O(e?). (50b)

It is evident that these solutions satisfy the boundary conditions and the
equations to leading order in all parameters.

5. Discussion

In the previous three sections we have shown how one can obtain approximate
solutions for the flow generated by the impulsive motion of an infinite wavy wall
in a viscous fluid. The perturbation treatment, valid for waviness of small
amplitude, was possible because the Rayleigh solution for the motion of a flat
plate (i.e. one with no waviness) is known in closed form. By perturbing about
this limiting solution one can obtain the solution for a wavy wall. The problem
is still complicated however, because the Rayleigh solution is a function of space
and time; this leads to partial differential equations with non-constant coefficients
for the wavy-wall flow field. What we have shown here is that in the limiting
cases B ->0 and R->co the perturbation field can be treated by further asymp-
totic expansions of the wavy-wall field for small and large Reynolds numbers
respectively. The two limiting cases show significantly different behaviour.

The flow field for R— 0 is displayed in (28)—(32). In this limit the flow field
is dominated by viscous effects. The wall drags the fluid and very quickly the
waviness of the wall is essentially submerged in a layer of fluid moving parallel
to the mean wall profile. For small times [see (31)] the velocity field far from the
wall does have the classic potential behaviour, i.e.

u® ~ —esin (§—71)exp(—7), v~ —ecos(E—7)exp(—7).

However, as a result of the high viscosity, the viscous Rayleigh layer quickly
erodes the potential field and the solution for large times emerges. For large
times [see (32)] the zeroth-order field dominates the flow as the perturbations
due to the wall waviness decay as 7—%.

At high Reynolds numbers, on the other hand, the picture is quite different.
This limit is described by (47)-(50). The Rayleigh solution is of order one only
in a layer very close to the wall; outside this layer the effects of viscosity decay
exponentially. As the large time solutions [equations (50)] clearly indicate, the
field away from the wall decays rapidly to the classical inviscid field.
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The high Reynolds number solution has a number of interesting features. It
is to be noted that the solution was derived in a somewhat unusual fashion.
Normally, in standard boundary-layer problems one starts with the inviseid
outer solution and then calculates the boundary layer. In the present calculations
the inviseid part of the solution emerges naturally from the complete solution;
in fact, this result boosts ones confidence in the present calculational pro-
cedure. The boundary-layer part of the perturbation solution [equation (44)]
is remarkably simple and acts as a source as far as the outer solution is concerned.
Actually the Rayleigh part of the complete solution contributes to the full
boundary layer. Thus we have in effect computed the boundary layer in two
stages, one to order one and one to order €. As for the inviscid field that emerges,
this is not (unlike the R—0 limit) attenuated by time directly; it is merely
eroded by the slowly growing viscous boundary layer.

As we have pointed out earlier the whole calculation shows how carefully
terms of exponential order have to be handled. Such terms on differentiation
contribute to different orders of a formal perturbation expansion. The method
used here was to retain all leading terms in the equations and actually calculate
the leading terms of the solutions. If this simple procedure is not used one is
forced to use the more formal method of matched asymptotic expansions; this
willin general necessitate obtaining different expansions valid in different regions
of £, 9, 7 space and matching them. We prefer the present simple approach at
least for obtaining the leading terms.

We conclude with a few remarks, admittedly speculative, on the relevance of
the present results to the problem of the generation of turbulence. If one examines
the large time solution for R — o0, one notices that in a frame moving with the
wavy wall there is no real unsteadiness in the solution except for the growth of
the boundary layer. The present results therefore do not show any turbulence-
like structure. This is not surprising as in two dimensions the vortex lines are
straight and cannot be stretched or twisted. This conclusion appears to be
supported by the mathematical work of Ladyzhenskaya (1959, 1969). Strictly
speaking Ladyzhenskaya’s results apply to two-dimensional fields in which the
velocity is essentially square integrable over the whole field; this condition is not
satisfied by the velocity field considered here. Intuitively it seems plausible that
the violation of this single condition owing to the infinite extent in the x direction
is unlikely to invalidate Ladyzhenskaya’s result that turbulence is not possible
in a two-dimensional field. Now the last few comments here are of a purely
speculative nature based on our limited understanding of a difficult problem; the
fact is, however, that the present two-dimensional calculation shows no tur-
bulence-like structure. Whether in three dimensions a prototype problem similar
to the present one will show the generation of turbulence is an open question.

We wish to thank Dr Priti Shankar for her painstaking assistance in preparing
the manuscript of this paper.
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